
6 Estimation - II

Point estimators are not very useful by themselves. A single sample mean does

not tell us very much about the population mean. We know that it should be

close to the population mean and that larger the sample size, the more likely it is

to be closer. Confidence intervals provide us a range around a point estimate that

is likely to contain the population parameter that we are looking for. Let us take

an example.

Consider a packaging machine that can be set to pack a certain amount of

coffee per packet. The standard deviation of the machine is 1g regardless of the

mean weight set. Suppose the line is set to pack 100g coffee packets. The quality

assurance officer collects 64 packets during a shift. She then finds that the sample

mean is 100.3 g. Can we say anything about whether on average extra coffee has

been packed in the shift?

Yes we can! We know from the properties of the sample mean that it is

a random variables whose expected value is the population mean, and whose

variance is the population variance divided by the sample size, i.e.

E[X̄] = µ

V ar(X̄) =
σ2

n

We also know using the central limit theorem that the sample mean is approx-

imately normally distributed. As we know the population variance (square of the

standard deviation), we also know the variance (and standard deviation) of the

sample mean.

σ2
X̄ = V ar(X̄) =

12

64
=

1

64

σX̄ =
1√
64

=
1

8
= 0.125

Now we want to use what we know about the normal distribution to construct

a confidence interval. This means an interval which will contain the population
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Figure 1: Distribution of the sample mean with population mean 100

mean with some probability. Let our desired probability or ’confidence’ be 0.95.

This means that we want to find two points a and b, a < b, such that there is a

95% chance this interval [a, b] contains the population mean.

To do this first let us assume that the actual population mean is 100. Now we

can consider the actual distribution of the sample mean, which will be a normal

distribution with mean 100 and standard deviation 0.125. Using this distribution,

we can construct an interval around the population mean 100, where the probabil-

ity of finding the sample mean would be 0.95. This region is shown in Figure 6 as

the interval between points 100−d and 100 +d, and the probability of finding the

sample mean in this interval is given by the area of A, which would be 0.95. As

is evident, we have chosen the area A symmetrically, i.e. with equal parts before

and after 100, because we have no reason to believe that the sample mean is more

or less likely to be smaller or larger than the population mean.

Now we need to find this distance d that defines this area A. We will use the

cdf of the normal distribution to find this value. Note that since area of A is 0.95,
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and A is symmetric about the mean 100, therefore, the areas of B and C would

each be equal to 0.025. (∵ 0.95 + 0.025 + 0.025 = 1). Hence, we can find d in two

ways.

1. P (X̄ ≤ 100− d) = 0.025

Figure 2: cdf=0.025

2. P (X̄ ≤ 100 + d) = 0.975

Figure 3: cdf=0.975
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In practice we generally use the second method for convenience. We can show

using simple algebra that if we write the distance d as a multiple of the standard

deviation σX̄ of the sample mean, i.e. d = zσX̄ , then we can express this cdf as

the cdf of the standard normal distribution.

P (X̄ ≤ 100 + d) = P (X̄ − 100 ≤ d)

= P

(
X̄ − 100

σX̄
≤ d

σX̄

)
= P

(
X̄ − 100

σX̄
≤ z

)

As we have seen earlier for any normal distribution X with mean µ and stand-

ard deviation σ, the random variable Z =
X − µ
σ

is a standard normal distribu-

tion, i.e. a normal distribution with mean 0 and standard deviation 1.

The cdf of a standard normal distribution can be read from statistical tables

and is available from most statistical programs as well as on mobile apps! For our

case we can see from the sample statistical table given in Figure 6

From the table we can see that z = 1.96. This means that if we are a distance

1.96 time the standard deviation away from the mean of a normally distributed,

then the probability of the random variable taking a value beyond that is 1-

0.0975=0.025. We can compare this to the Chebyshev’s inequality and see that

we can be much more precise in what we say because we know that the distribution

is normal.

In our case then,

d = zσX̄

= 1.96 ∗ 0.125 = 0.245

Therefore, when the population mean is 100, there is 95% chance that the

sample mean will be between 100.245 and 99.755. Clearly, the sample mean of

100.3 is outside this range. Now, for what values of the population mean would
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Figure 4: Snapshot of a statistical table showing the cdf of the standard normal distri-

bution
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Figure 5: If the population mean was 100.055 instead of 100, then the observed sample

mean 100.3 would be inside the 95% region

the sample mean of 100.3 be within this 95% range? The width range, which is

2d only depends on the standard deviation, with the population mean being the

point it is centred around. So, if we increase the population mean from 100 to a

point where it is equal to 100.3− d = 100.055, then the point 100.3 will be within

the interval. This is shown in Figure 6. Now if we think of the highest possible

value of the population mean so that 100.3 would still be in the interval, that

would be 100.3 + d = 100.545.

For the sample mean, X̄, this interval i.e. X̄ − d to X̄ + d, is called the 95%

confidence interval. In this particular case, the observed confidence interval, based

on the observed sample mean 100.3 is 100.055 to 100.545. We have used confidence

intervals for population mean here, but they are a more general concept, and can

be defined for any population parameter (say θ) using the corresponding estimator

(say w) and the standard deviation of the estimator. The more common and useful

way to think about confidence intervals is a interval around the estimator w that
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will contain the population parameter of interest θ with a given probability 1−α.

In our case the confidence interval X̄−d to X̄+d has a 95% chance of containing the

population mean. Hence, when we observe the sample mean 100.3 and construct

the confidence interval 100.055 to 100.545, we are saying that with at least 95%

probability we have been packing excess coffee in the packets.

6.1 Creating confidence intervals when the population vari-

ance is unknown

In the case above, we knew the population variance and hence were able to cal-

culate the variance of the sample mean and use it to construct the confidence

interval. But when we don’t know the population variance, our only measure for

it is in the form of its estimator the sample variance. We can use the observed

sample variance instead of the unknown population variance to calculate the con-

fidence interval, but we will need to compensate for the fact that the population

variance may be different from the observed sample variance.

We do this by using the Student’s t-distribution instead of the normal distri-

bution. Student’s t-distribution is a class of distribution that is similar to the

standard normal distribution, it is symmetric and is shaped like a bell-curve, but

is flatter than the normal distribution. Unlike the standard normal distribution,

the shape of the t-distribution depends on a parameter called the degrees of free-

dom. In our context, where we are estimating the population mean, the degrees

of freedom will be one less than the sample size, i.e it will be equal to n − 1.

Intuitively, this can be understood as follows. The total degrees of freedom is the

sample size n as the sample can be different in n ways. But we lose one degree

of freedom when we calculate the sample mean using the sample. (The logic is

similar to the reason we divide the sample variance by n− 1 instead of n). Lower

degrees of freedom imply that sample variance can be quite different from the

population variance, hence the distribution is flatter to reflect this increased un-
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certainty. Higher degrees of freedom implies that the sample variance is going to

be fairly close to the population variance, hence the distribution is very close to a

standard normal distribution.

Below we outline the procedure for finding the confidence interval with a sample

of size n that has a sample mean x̄ and sample variance s2.

1. First decide the confidence level that we want. Let us say it is 95%.

2. Now instead of looking at the table for the standard normal distribution, we

look at the table for the t-distribution with n − 1 degrees of freedom. We

find the distance t, where the cdf is 0.95+0.025=0.975.

3. We need to scale this distance using the standard deviation of the sample

mean σX̄ . But we don’t know the population variance σ2, hence we don’t

know the variance of the sample mean. The t-distribution allows us to use

the sample variance s2 to calculate an estimate of the standard deviation of

the sample mean sX̄ .

sX̄ =
s√
n

4. We use this estimate of the standard deviation of the sample mean to find

the distance d.

d = tsX̄

5. Now we construct the confidence interval around the sample mean x̄ using

d. Hence, the confidence interval is [x̄− d, x̄+ d]

An important point to note is that t-distribution can only be used when the

population is known to be normally distributed, or at least the distribution does

not significantly deviate from the normal. If n, is large, then we know that the

distribution of the sample mean approximates a normal distribution regardless

of the original distribution. But in those cases we mostly don’t need to use the

t-distribution as it also approximates the standard normal distribution when the
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degrees of freedom n − 1 is large. We mostly use t-distribution for small sample

sizes and in those cases, if the original population distribution is very different

from the normal then strictly speaking the t-distribution is not applicable for

finding the confidence interval. In practice, we still use it assuming that the error

will not be too large.
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